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1 Introduction
The Dyson-Schwinger equations (DSEs) are a tower of coupled integral equations
that relate the Green functions of QCD to one another. Solving these equations
provides the solution of QCD. This tower of equations includes the equation for the
quark self-energy, which is the analogue of the gap equation in superconductivity,
and the Bethe-Salpeter equation, the solution of which is the quark-antiquark bound
state amplitude in QCD. The application of this approach to solving Abelian and
non-Abelian gauge theories is reviewed in Ref. [1].
The nonperturbative DSE approach is being developed as both: 1) a computa-
tionally less intensive alternative and; 2) a complement to numerical simulations of
the lattice action of QCD. In recent years, signicant progress has been made with
the DSE approach so that it is now possible to make sensible and direct compar-
isons between quantities calculated using this approach and the results of numerical
simulations of Abelian gauge theories.
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Herein the application of the DSE approach to the calculation of pion observables is
described
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) and associated partial
wave amplitudes; the 
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as illustrative examples. Since this approach provides a straightforward, microscopic
description of dynamical chiral symmetry breaking (DSB) and connement, the
calculation of pion observables is a simple and elegant illustrative example of its
power and ecacy. The relevant DSEs are discussed in Sec. 2, the calculation of pion
observables in Sec. 3 and concluding remarks are presented in Sec. 4.
2 Dyson-Schwinger Equations in QCD
2.1 Quark Propagator
In Euclidean space, with metric 






, and in a general
covariant gauge, the inverse of the dressed quark propagator can be written as
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with: m the renormalised, explicit chiral symmetry breaking mass (if present); (p)






) the dynamical quark mass function; and
y
Summary of a presentation at Chiral Dynamics: Theory and Experiment, Cambridge, MA, 25-29
July, 1994.







) the momentum-dependent renormalisation of the quark wavefunc-
tion. The DSE for the inverse propagator is
S
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) is the dressed gluon propagator and  

is the proper quark-gluon
vertex.
When the current-quark mass is zero, the solution of this equation determines
whether or not chiral symmetry is dynamically broken in QCD. The quark condensate,
hqqi / tr[S(x = 0)], is a chiral symmetry order parameter. If, withm = 0 in Eq. (2.2),
there is a solution with B 6= 0 then the quark has generated a mass via interaction
with its own gluon eld and the chiral symmetry is therefore dynamically broken.
The solution also provides information about quark connement. The presence or
absence of quark production thresholds in the S-matrix amplitudes that contribute to
physical observables is determined by the analytic structure of the quark propagator,
which one obtains by solving this equation.
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2.2 Gluon Propagator



































) is the gluon vacuum polarisation and  is the gauge parameter.
The Dyson-Schwinger equation for the gluon propagator is given diagrammatically























Figure 1: The Dyson-Schwinger equation for the gluon propagator. [Here and
below the broken line represents the propagator for the ghost eld.]
rules, which also require a negative sign [unshown] to be included for every fermion
and ghost loop. This equation has been studied extensively.
5{8
There have also been
attempts to determine the gluon propagator from numerical simulations of lattice-
QCD.
9,10
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The results of the DSE and lattice studies are summarised in Sec. 5.1 of Ref. [1]





















Figure 2: Results of studies of the gluon propagator in QCD. Typical values of
m
g
= 0:5 GeV and b = 0:7 GeV have been used.
the gluon propagator is given by the two-loop, QCD renormalisation group result,





form of the propagator is not known.
The DSE studies of Refs. [5{7] suggest a regularised infrared singularity, repre-
sented by 1=q
4
in the gure. That of Ref. [8], which diers mainly in that the Ansatz
used for the triple-gluon vertex has kinematic singularities, suggests an infrared van-






), which has also been argued
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to be the
form necessary to completely eliminate Gribov copies.






), which is broadly consistent with the improved simulations of







), with b  340 MeV. There is a problem with lattice simulations,
however, indicated by the dashed vertical line at the right of Fig. 2. With present




is actually inaccessible in lattice studies and,
since all forms of the propagator are the same outside this domain, it is clear that
these results are both qualitatively and quantitatively unreliable.
2.3 Bound States: Bethe-Salpeter Equation
In quantum eld theory, the Bethe-Salpeter amplitude for a two-body, quark-anti-
quark bound state is obtained as the solution of the homogeneous Bethe-Salpeter
































is the proper meson-quark vertex and K is the kernel. A commonly used
































. Solving for  
M
in this approximation yields what is meant by the
dressed-quark core of the bound state.
In the DSE approach the dichotomy of the pion as both a Goldstone boson and a
q-q bound state is beautifully and easily understood. One has DSB when, withm = 0




) 6= 0 as a solution. In this case (m = 0) the Bethe-





is the centre-of-mass momentum of the bound state.
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It follows without




) 6= 0 as a solution when
m = 0; i.e., one has DSB, then there exists a massless (P
2
= 0), pseudoscalar, q-q

















is both the Bethe-Salpeter normalisation
and pion decay constant, which is a calculated quantity in this approach. For m 6= 0
but m=
QCD


























2.4 Solution of the Quark Dyson-Schwinger Equation
The DSE for the quark propagator, Eq. (2.2), has been much studied (see Sec. 6 of
Ref. [1]). The numerical solution obtained using a gluon propagator with an inte-
grable singularity in the infrared region (upper curve in Fig. 2) and a quark-gluon
vertex of the Ball-Chiu type
12


















































































), m = m=
p
2D, and D sets the mass scale. This parametrisation provides
a representation of the quark propagator that is an entire function in the complex p
2
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plane but for an essential singularity, as suggested by Ref. [15], which is sucient to
ensure connement.
Equations (2.8) and (2.9) provide a six parameter algebraic approximation to the
quark propagator in QCD: C, m, b
0




) simply decouples b
2
from
the quark condensate.] The parameters can be chosen so as to provide an accurate
approximation to a numerical solution of Eq. (2.2). However, as illustrated in Fig. 2,




is unknown. This parametrisation
is therefore also an implicit parametrisation of the gluon propagator in this region.
Using this quark propagator to calculate experimental observables, and choosing the
parameters so as to obtain the best possible t to these observables, one has a direct
connection between observables and the form of the eective quark-quark interaction
in the infrared. This provides a means for using precise, low-energy experimental data
to determine the eective quark-quark interaction in the infrared.
3 Calculating Pion Observables
In much the same way as an eective action can be used to formalise the constraints
of chiral Ward identities in QCD, one can formalise the Abelian approximation to
QCD (which decouples the ghost elds and reduces the Slavnov-Taylor identities to






































the gluon propagator. This model eld
theory is called the Global Colour-symmetry Model (GCM).
3.1 - Scattering
The - scattering T -matrix is completely specied by one scalar function, A(s; t; u):
T
;













In the DSE-GCM approach the tree-level contribution to A(s; t; u) is obtained from
a sum of intrinsically-nite quark-loop diagrams, which, using Eqs. (2.8) and (2.9),
have no quark production thresholds. Although it is not necessary, one can perform
a derivative expansion of this sum of quark-loop contributions to obtain:
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and m

















































are also given by one dimensional integrals whose integrands in-
volve only the quark propagator.
16
Clearly, and importantly, each of the quantities
appearing in Eq. (3.3) is determined once the quark propagator is specied. The
utility of the derivative expansion is only that it facilitates a comparison with other




In Euclidean metric the matrix element for the decay 
0































are the photon momenta and (k
i
) are their polarisation vectors. Here, the

0
















































= 135 MeV and f

= 93:1 MeV.




is obtained from the sum of two quark-
loop diagrams and, in the chiral limit (P
2


















































] one obtains a dramatic simplication and, be-
























since C(s = 0) = 1 and C(s = 1) = 0. Hence, the experimental value is repro-
duced, independent of the details of S(p). This illustrates the manner in which the
Abelian anomaly is incorporated in the DSE framework. This result will be violated
in any approach that does not properly incorporate DSB; i.e., in any approach which











































































































H = A or B.  
BC

satises the Ward-Takahashi identity and ensures the conservation













3.4 Fitting the Parameters and Calculated Results

















= 0:396 0:036 ;
(3.12)




= 0:21 0:02 ; a
2
0




= 0:038 0:002 ; a
0
2
= 0:0017 0:0003 ;
(3.13)




) on the spacelike-q
2





from Eq. (3.4) and hqqi from Eq. (3.5), with 
QCD
= 0:20 GeV
and  = 1 [not the true anomalous dimension because ln[p
2
]-corrections have not














given in Ref. [16]. It yielded





= 0:118 ; b
1
= 2:51 ; b
2
= 0:525 ; b
3
= 0:169 : (3.14)





, which yields D = 0:133 GeV
2
.
The low-energy physical observables calculated with this parameter set are com-






) =2 and the
\experimental" value of hqqi
1
3
is that typically used in QCD sum rules analysis. The
calculated quantities were evaluated at the listed value of m

; i.e., the chiral limit
expressions were not used, but the corrections are < 1% in each case. The agreement







































































)  1): solid line -
this calculation; dashed line - current algebra.
17
using the formulae in Ref. [16], are plotted in Fig. 3 and can be seen to be in agree-
ment with the data up to x  3, which corresponds to E  4m

. The same is true
of the higher partial wave amplitudes.
3




) is presented in





measured in pion electroproduction
20
is strongly model dependent, the agreement
with the experimental data is again excellent.
4 Concluding Remarks
In principle, QCD can be solved using the Dyson-Schwinger equation (DSE) frame-
work, however, in practice, obstacles to achieving this goal remain. The successes and
remaining challenges are discussed in detail in Ref. [1].
Herein, the practical application of the DSE approach to the calculation of phys-
ical observables is illustrated. By its very nature, the approach directly incorporates
all of the known large spacelike-q
2
behaviour of QCD. It has a phenomenological,
model dependent aspect that is tied to the fact that the gluon propagator, D

(q),




. This has the benet that, in calculating
experimental observables in this approach, one obtains a representation of these ob-
servables in terms of the infrared structure of D

(q) and can thereby use precision





























). The experimental data are from Refs.[18]
(crosses), [19] (diamonds) and [20] (circles).
experimental measurements to determine the infrared form of the gluon propagator.
In the DSE approach the pion has an intrinsic size; i.e., it is not pointlike, and
its dominant determining characteristic is its dressed quark core, which is described
by the proper pion-quark vertex function in Eq. (2.6). The calculations reported
herein are tree-level calculations, which here actually means that they are obtained
with the minimal number of dressed-quark loops. The agreement between theory
and experiment is at the 10% level, which is consistent with Refs. [21,22] where
nonpointlike -loop contributions are shown to provide < 15% corrections.
















Table 2: Low-energy constants of ChPT inferred from tree-level DSE calculations of
experimental observables.
Clearly, experimental observables can be calculated directly in the DSE approach.
From these calculations, however, one might infer values of the low-energy constants
used in Chiral Perturbation Theory (ChPT) to parametrise the solution of the chiral
Ward identities in QCD. This will provide implicit, nonlinear relations between these












from DSE-tree-level calculations are presented in Table. 2 and compared with
the 1-point-pion-loop corrected values used in ChPT. (The 1-nonpointlike-pion-loop
correction to r





' 13:0   13:5.) This comparison
indicates that tree-level DSE calculations incorporate those eects of point-pion-loops
in ChPT that serve merely to mock-up the pion's internal structure. Calculations
from which the value of other of these constants can be inferred are underway.
24
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